We study exact tunneling solutions in scalar field theory for potential barriers composed of linear or quadratic patches. We analytically continue our solutions to imaginary Euclidean radius in order to study the profile of the scalar field inside the growing bubble. We find that generally there is a non-trivial profile of the scalar field, generating a stress-energy tensor, that depending on the form of the potential, can be a candidate for dark energy.
Introduction
In quantum field theory containing scalars it may occur that there are more than one local minima in configuration space. In such cases a system trapped in a metastable vacuum will decay towards a vacuum with lower energy through quantum tunneling.
Semiclassical methods can be used to describe the procedure [1] , [2] . In this approach the theory is studied in Euclidean space and a classical tunneling solution that matches the appropriate boundary conditions is constructed. Typically this solution describes a bubble, which separates the true vacuum from the false vacuum, and which after its emission starts expanding, asymptotically with the speed of light.
Typically it is very difficult to find analytic solutions for any given potential that contains a metastable vacuum. The original papers [1] , [2] focus on a limit, in which the energy difference between the true and false vacua is small. In this limit the radius of the emitted bubble is large in comparison to its width, thus the name "Thin Wall Approximation" for this approach. This limit allows for analytical expressions of the bubble emission rates. However such a limit destroys all other potentially interesting features of the solution, especially in the interior of the bubble.
In order to describe potential barriers that are not appropriate for the thin wall approximation, we can either make a numerical computation, or approximate the potential with another one that is exactly solvable. The latter is analyzed in [3] , where a linear and a rectangular potential are analytically solved and the relevant decay rates calculated.
However, if the actual potential is smooth, such potentials are clearly not a very good approximation for the regions of the two vacua and the top of the barrier, so several qualitative features of the solution may be lost. For example, the discontinuity of the potential in the rectangular approximation removes all dynamics as the field rolls towards the true vacuum.
In this paper, we will extend the study of the triangular model and moreover solve some more realistic, still analytically solvable potentials, and try to extract qualitative features of the related physics, and possible cosmological implications. It is going to turn out that the triangular model with parameters of Planck scale can provide an elegant explanation for the order of magnitude of the measured dark energy density in our universe. Several other options with more singular potential also exist predicting the correct order of magnitude.
Framework
We are going to study exact tunneling solutions in the simple case of a single scalar field and a potential containing a unique false vacuum. We are particularly interested in analytically continuing our solutions to imaginary Euclidean radius in order to discover the evolution of the field inside the bubble. The Lagrangian describing our system is
From now on, we name the positions of the true and false vacua as φ − and φ + respectively and the relevant values of the potential V − and V + .
It has been proven that in scalar field theory the spherically symmetric solutions are favored [4] . This is intuitively reasonable, as the sphere maximizes the ratio of volume to surface. Thus we assume that the tunneling solution depends only on the Euclidean radius ρ.
Under the assumption that the solution depends only on the Euclidean radius, the Euclidean field equation is reduced tö In the following we are going to make simple assumptions for the form of the potential, that are going to allow us to find analytic solutions.
Two Kinds of Solutions
Before we proceed to solve the equation of motion, we would like to make a comment on the general form of the solutions. Typically we are going to assume that the potential is described by different formulas before and after the top of the barrier. One would expect that we would result in a solution of the form
This describes a bubble whom profile is as following. Outside a certain radius R + the field rests in the false vacuum. Inside this radius the field climbs the barrier between R + and R T and then rolls down to the true vacuum between R T and R − and then stays there. In such cases the analytic continuation to imaginary Euclidean radius is trivially
In [3] we see that in the rectangular approximation, tunneling solutions always look like that, however in the triangular approximation we may get such a solution or not depending on the parameters of the potential.
However in the triangular approximation, and as we will show later on in other cases, it may be true that the field never reaches the true vacuum in Euclidean space. The conditions leading to such a result in the triangular approximation are not very restricting on the parameters of the potential. In such cases the solution is going to be of the form
and the analytic continuation to imaginary proper time is nontrivial. We will see that actually the field in such cases never reaches the true vacuum, but performs a damped oscillation around it. The rest of the paper focuses in this category of solutions.
3 A Volcanic Potential and the Field in the Interior of the Bubble
The Approximation
The only selections of potential that preserve the linearity of the equation of motion is a linear and a quadratic one. The quadratic naturally is the most obvious selection to approximate the region of a vacuum, thus we will start our analysis studying a potential barrier built out of quadratics. The simplest possible barrier potential built by quadratics is described by
The volcanic approximation and looks like in figure 1 . Because of the shape of such a potential, we call this the volcanic approximation.
The Instanton Solution
In order to find the tunneling solution we need to find the general solution to the equation
If we make the substitution
the equation is written as
which is exactly the modified Bessel equation, x 2 y ′′ + xy ′ − x 2 + α 2 y = 0 for x = mρ and α = 1. Thus the general solution is 5) where I is the modified Bessel function of the first kind and K the modified Bessel function of the second kind. In the construction of the instanton solution we are going to need the derivative of the solution. This is given bẏ
Using the above result it is clear that a solution that does not reach the true vacuum in Euclidean space will look like
Let's now apply the boundary and matching conditions to specify the undetermined constants and the radii. The solution has to be stationary at the origin. As K 1 diverges at the origin, and I 1 is stationary, we get
Demanding continuity of the solution and its derivative at ρ = R + gives us the following two equations
As both modified Bessel functions of the first and second kind are positive, the only solution to this problem for any finite R + is c 1+ = c 2+ = 0. However as modified Bessel functions of the second kind decrease exponentially at infinity, we have the option that actually R + is infinite and
Demanding that lim
We have expressed all parameters in terms of R T . Finally demanding continuity of the derivative at ρ = R T , specifies this.
This equation is not analytically solvable, so we cannot acquire an analytic expression for R T .
To sum up the tunneling solution is
where R T is given by (3.14).
Condition for a Dumping Instanton
We expect that in analogy to the triangular approximation [3] , if equation (3.14) does not have a solution, the solution reaches the true vacuum in Euclidean space. Both functions
I 1 (x) are monotonous positive and take values between zero and one, as one can see in figure 2.
Thus there is always exactly one solution, as long as
otherwise we should expect a solution that reaches the true vacuum in Euclidean space. 
Demanding continuity and smoothness at ρ = R − , gives us 
which implies
That means that condition (3.16) always holds. Thus in the volcanic approximation, there is always exactly one tunneling solution, that never reaches the true vacuum in Euclidean space. This implies that we should expect to find some kind of damped oscillation around the true vacuum in the interior of the bubble, if we analytically expand to imaginary Euclidean radius for any parameters of the volcanic potential. As this behavior is determined by the potential at the region of the true vacuum, the fact that the solution in the case of the triangular or rectangular approximation may be constant for imaginary Euclidean distance [3] , is an effect because of the non-smoothness of the potential. We expect that any smooth potential produces tunneling solution with the characteristic behavior of the damped oscillation around the true vacuum in the interior of the bubble.
The Analytical Continuation to Lorentzian Spacetime
The solution of the volcanic potential is very easy to analytically continue to imaginary proper time. The modified Bessel functions are analytic functions having the property
, where J is the Bessel function of the first kind. Thus for ρ = iτ we get
which clearly describes a damped oscillation of the field around the true vacuum in the interior of the bubble. For large τ we can use the asymptotic formula for the Bessel function to get
The solution is plotted in figure 3 .
The Instanton Solution
The Stress-Energy Tensor in the Interior of the Bubble
For possible applications to cosmology, it would be interesting to calculate the stressenergy tensor in the interior of the bubble. Unlike traditional treatment, where the stress energy tensor contains only the vacuum energy of the true vacuum, here the damped oscillation around it is going to contribute too.
The stress-energy tensor is given by
Applying our Lagrangian we get
Our solution depends only on proper time, thus
(3.27)
Using the above we get
The first term of the stress-energy tensor is the kinetic energy of the remnant of the bubble wall inside the bubble. Far away from the bubble wall, it contributes only to the time-time component of the stress-energy tensor, thus it behaves as dark matter. The second term is identical to vacuum energy, that does not only originate from the energy of the true vacuum, but also on the oscillation of the field.
Using our solution we get
For large τ we can use the asymptotic formula for the Bessel function to get
As expected from virial theorem, the average of kinetic and potential energy terms in the Lagrangian cancel out, because of the quadratic form of the potential around the true vacuum. However this kind of ideas can in general provide a cosmological constant that depends on the size of the bubble. It could be a promising candidate for the explanation of the small size of the observed cosmological constant.
The Decay Rate
The volcano potential may be used to approximate decay rates of metastable vacua, in the case of a potential that does not fit the requirements for the thin wall approximation.
Thus, it is interesting to calculate the decay rate. The decay rate per unit volume is given by
where coefficient B is given by the Euclidean action of the tunneling solution
Spherical symmetry of the tunneling solution implies
Using the formula of our solution we get
Applying properties of modified Bessel functions we find
Finally using equation (3.14) we find
The first term corresponds to the vacuum energy gained in the volume of the bubble, while the second term corresponds to the energy spent on the bubble wall.
It would be interesting to study whether the decay rate we just calculated reduces to the known formula in the thin wall limit. In the limit where the energy difference between the true and false vacuum is small, we can derive from the form of the potential that
where ε ≡ V + − V − . We can use the above to find
That means that the right hand side of equation (3.14) is very close to one, thus R T has to be large, as expected for the thin wall limit. This allows us to use asymptotic formulas for the modified Bessel functions to approximate the left hand side of (3.14) as
where
This allows us to calculate the size of the emitted bubble to be
and finally substituting to formula (3.40) we result in
In thin wall approximation as described in [1] , the B factor equals
In our case it is not difficult to calculate S 1 , when the vacua energies are close
and after some algebra
Substituting the latter to (3.47) gives us exactly the same result as (3.46).
Another interesting limit to check is the tunneling without barrier limit, which is discussed in [5] . In our case this clearly corresponds to the limit m + → 0. In this limit, we can use asymptotic formulas for the modified Bessel functions of the second kind to
This lets us write equation (3.14) as
The same asymptotic expansions allow us to write equation (3.40) as
Now we distinguish two cases. If φ T −φ + ≪ φ − −φ T we can use asymptotic expansions of modified bessel functions for small arguments and equation (3.14) can be written as
We can solve for R T
Substituting in (3.40) and using
This agrees with the results in [5] up to a factor of 2 that occurs because in our case the rolling region of the potential is quadratic instead of linear.
If φ T − φ + ≫ φ − − φ T we can use asymptotic expansions of modified bessel functions for large arguments and equation (3.14) can be written as
and substitute in (3.40) to find 
The Approximation
The volcano approximation makes a bad non-smooth description of the barrier top. We can use the fact that quadratic potentials are solvable, in order to improve our approximation, and search for new qualitative properties of the solutions that originate from the form of the potential at the barrier top. An appropriate approximation is
which is plotted in figure 4 . Such an approximation provides quite a large flexibility in fitting an arbitrary potential. We can select the above potential in such a way that matches the actual potential in positions and energies of the true and false vacuum, as well as the top of barrier, and moreover the curvature of the potential in these positions or alternatively select so that it matches the positions and energies of the vacua, as well as one the three aforementioned curvatures and simultaneously be smooth at φ 1 and φ 2 .
The Instanton Solution
First we note that at the region between φ 1 and φ 2 the equation of motion can be solved in exactly the same way as we did in the volcano potential, with the only deference of 2) and the general solution can be written as
For later use in the matching condition we also calculate the derivative of the solutioṅ
Similarly to the volcano potential, we expect that there are no solutions that reach the true vacuum in Euclidean space. We separate two cases. In the first the solution does not reach φ 2 inside Euclidean space and in the second it does. Here we will study the first case, as it is simpler and provides the information we want. Such a solution will look like
Exactly as in the volcano potential case, R + has to be infinite, and the boundary conditions for the solution imply
Finally smoothness at ρ = R 1 implies
Thus the instanton solution is given by
where R 1 is given by (4.10).
Uniqueness of the solution and the Radius of the Emitted Bubble
As in previous cases the existence or non-existence of a solution is decided by the last equation, that occurs by the demand of smoothness of the solution, in our case equation (4.10). In figure 5 we plot
. The first graph implies that actually we are going to have infinite solutions.
In figure 6 we plot the first solutions. Actually any other solution except for the first one is not valid, since for some region of ρ with ρ < R 1 region, it is true that φ < φ 1 .
Let' sketch a proof for that.
The function J 1 (m T ρ) ρ describes an oscillation whose amplitude decreases monotonically, as it can be seen in figure 6 . Based on that and using properties of Bessel functions,
Figure 5: The numerical part of the solution Figure 6 : The first solutions in the smooth quadratic approximation one can show that if ρ S is a stationary point of this function, then
for any ρ > ρ S . Applying this for ρ = R 1 in equation 4.11 it is easy to find that for any stationary point ρ S , with ρ S < R 1 it is true that
For any solution except for the first one there are at least two stationary points in the region ρ < R 1 . For at least one of them φ S is going to be smaller than φ T , thus making the above equation
This means that the solution for ρ < R 1 has entered a region of values for which it is not valid. Thus any solution except for the first one is not valid, the solution is unique.
This is not a general proof of the uniqueness of the solution for a general potential, however in this case the oscillatory behavior of the solution in the region of the barrier top resembles exactly the general behavior that could produce multiple solutions in general.
So the only solution it may hold is the first solution, which is valid if φ (0) < φ 2 , or
If this condition does not hold we should search for a solution of the second case. this solution always satisfies
where ρ α,n is the n'th root of J α . We note that ρ 1,1 ≃ 3.83 and ρ 2,1 ≃ 5.14. So the characteristic radius of the emitted bubble is always of the order
As this case of solutions is the one that actually lies as far as possible from the thin wall approximation, in which the radius of the bubble tends to infinity, we expect that
serves as a general lower bound for the radius of the emitted bubble.
The Decay Rate
As we did in the volcanic approximation, we can calculate the B factor of decay rate from the Euclidean action. Using the form of our solution we find
Applying properties of Bessel functions and modified Bessel functions we find
Finally using equation (4.10) we find
The Second Case of Solutions on the Smooth Quadratic Potential
An instanton belonging in the second case will be of the form
where we have already embodied the necessary boundary conditions. Demanding that φ (R 1 ) = φ 1 and φ (R 2 ) = φ 2 and continuity results in
and
23)
Finally demanding smoothness results in the following set of equations
These two equations provide a solution for R 1 and R 2 . Unfortunately the problem is very complicated, and has to be numerically solved. In figure 7 we show how a solution to this problem looks like. 
The Approximation
We will now study the case of a potential barrier approximated by a segment of linear potentials. Such a potential looks like in figure 8 . This approximation has been analyzed in [3] . We review this derivation and then analytically continue to negative proper time.
In the following we use the definitions
In other words the potential barrier is described by 
The Instanton Solution
In order to find the appropriate solution we need to solve the equation
It is not difficult to show that the general solution is
Using the above, an instanton that does not reach the true vacuum in Euclidean space will look like
Let's now apply the appropriate boundary and matching conditions to determine the constants as well as the radii R T and R + . The field must be stationary at the origin.
This implies that
Demanding continuity of the derivative of the field at R = R + gives us
Then we demand continuity at R = R + and R = R T and we find
Continuity of the derivative at R = R T gives us
So far we have expressed all unknowns in terms of the unknown radius R T . In order to determine this final unknown we demand that φ (R T ) = φ T . We result in
Now we have completely determine the tunneling solution. To sum up 13) where the two radii are given by (5.11) and (5.12) and the value of the field at the origin φ 0 is given by (5.10).
If we want our solution to make sense it has to be that φ 0 < φ − . Otherwise the field has already reached the true vacuum in Euclidean space. The above condition implies
If this condition holds the field never reaches the true vacuum in Euclidean space and thus we expect to perform a damped oscillation around the true vacuum in the interior of the bubble. Otherwise the field equals exactly to φ − inside a sphere of finite radius in Euclidean space, thus the analytical continuation for imaginary Euclidean time is trivially φ = φ − . Such a solution is well analyzed in [3] and we will not study it here.
The Analytical Continuation to Lorentzian Spacetime
We are interested in studying the solution for imaginary Euclidean radius. As we commended in section 2.1, this is interesting only if condition (5.14) holds. In such case the solution is given by (5.13). We substitute ρ = iτ in the formula for the solution that is valid for ρ < R T to get
This grows indefinitely as τ decreases. This means that at some finite τ it reaches the true vacuum. After that point, the solution we have is not valid anymore and we need to find an appropriate solution for φ > φ − . We approximate the potential around the true vacuum as
where obviously λ − = λ − . So after the τ where the solution reaches the true vacuum,
we have to fit a solution of the form
However this solution will reach a maximum and return to the true vacuum, with some non-vanishing derivative, thus enforcing us to fit again a solution of the form 18) and so on. So we are going to get an infinite sequence of segments describing a damped oscillation around the true vacuum. So we need to solve the general problem of fitting a solution of the form (5.17) or (5.18) to the boundary conditions 19) or else solve the matching conditions
It is not difficult to find that the solution is
Once we found the right expression we need to find the new point where the solution reaches the true vacuum. Demanding that φ (T 1 ) = φ − , we take
Thus we can express the solution inductively as
where the constants in solution are given by
27)
and the T n 's andΦ n 's can be calculated inductively by
Finally the initial values for T andΦ can be easily calculated by equation (5.15) (which Figure 9 : The Instanton Solution also defines c 0 and K 0 )
The solution is plotted in figure 9.
Asymptotic Behavior of the Solution
For large τ expressions (5.29) and (5.30) can be approximated by
In order to avoid the alternation of signs inΦ, we find recursive relations with step two
where c = 1
We are interested in finding the asymptotic behavior of T 2n anḋ Φ 2n . We try a solution of the form
The recursive relations at leading order become b in undetermined and depends on the initial values for the series, or else in the parameters of the potential. Thus the asymptotic behavior we are looking for is
Using the above equations we can find asymptotic expressions for any element of the solution. Combining them we getΦ
The Stress-Energy Tensor in the Interior of the Bubble
Now we know the asymptotic form of the solution, thus we can calculate the asymptotic form of the stress-energy tensor in the interior of the bubble. Equation (5.48) implies
Now the potential is not quadratic, which means that kinetic and potential energy do not average at the same value. Virial theorem implies
This means that the average value of the Lagrangian does not wash out, but asymptotically behaves as
If we calculate the stress-energy tensor
it is now going to contain except for the kinetic energy of the wall, a cosmological constant like term that depends on the size of the bubble like
where c depends on the specific parameters of our potential.
A Candidate for Dark Energy
Let's now take a wild guess. Let's suppose that big bang was the emission of a bubble, so we are actually living inside a bubble with the size of the universe. Let' also suppose that the potential of the phase transition is well fit by the triangular approximation. It actually suffices that the potential in the region of the true vacuum is triangular. The natural selection of the potential parameters is that they are of Planck scale. Finally let's suppose that the energy of the true vacuum is exactly zero.
Under these assumptions, we should today observe an effective cosmological constant of the order
which obviously depends on the age of the universe. The size of the observable universe today is about 10 60 in Planck units. Thus the cosmological constant we should observe in our scenario, would be
This is the right order of magnitude that we measure today [6] , [7] , [8] , [9] .
With this model we don't solve the original cosmological constant problem [10] , namely why the vacuum energy of SM does not gravitate. Most probably we need more information on quantum gravity to resolve this. However it resolves the cosmological constant problems that occurred after the recent measurement of it [11] . It explains its order of magnitude and if we assume that matter originates from the kinetic energy of bubble walls, then our model also explain why the matter content and dark energy content of our universe are of the same order of magnitude.
The idea of relating physical constants with cosmological quantities is not new at all.
Paul Dirac in the 1930's observed that ratios of orders of magnitudes of cosmological quantities are similar to ratios of orders of magnitudes concerning the fundamental interactions. Conjecturing that this cannot be a coincidence he expressed the large number hypothesis [12] , [13] , [14] , according to which fundamental constants of nature, such as Newton's gravitational constant, depend on the age of the universe. The recent discovery of another large number, namely the ratio of the theoretical and observed vacuum energy densities, lead to similar tries to connect the energy density of the vacuum with the age of the universe [15] , as we do in this paper.
Additionally the idea of the dark energy originating from a scalar is not new, too.
Quintessence models can describe the dark energy content of the universe. In this approach the dark energy is the effect of a slow rolling scalar field instead of one that performs a dumped oscillation, as in our case. The subject of quintessence is quite broad. A nice review is given in [16] .
One critical objection about our model is the singular form of the potential at the position of the true vacuum. One should be able to find a model which predicts the existence of such a vacuum and moreover develop quantum field theory in the region of such a vacuum to show that the low energy effective description is also singular. However linear potential can occur by brane interactions in an orbifold like in the ekpyrotic scenario for the big bang [17] , [18] , [19] . Definitely further study is required on this field. n It is interesting that the Stress-Energy tensor in the interior of the bubble has a direct dependency on the size of the bubble. It is also interesting that depending on the potential this Stress-Energy tensor may represent a substance with negative pressure, thus providing a candidate for dark energy. Although it is impossible to find exact solutions for general form of the potential, we will try to calculate the asymptotic form of this damped oscillation for a potential of the form V = a (φ − φ 0 ) n . In order to simplify things we assume that the potential is infinite for φ < φ 0 , or else φ 0 is the boundary of the configuration space. Thus the solution gets reflected when it reaches φ 0 . This may represent an effective field theory, where the scalar is a moduli describing geometry of some brane configuration living in an orbifold.
We are interested in the damped oscillations a field performs around the area of the vacuum of a potential of the form
The potential is sketched in figure 10 . 
where dot represents differentiation with respect to τ . If we define
3) the equation of motion can be written aṡ
This form of equation gives us a better point of view about how the system dissipates.
We cannot find an exact solution to the above, but we expect that when τ is large, the losses are small in one period, and thus we can express the above equation as
where T ≡ 1 2φ
2 . Now we can use the explicit form for our potential
and the virial theorem. The latter instructs us that
Using the above, equation (6.5) can be written
whose solution trivially is
c depends on the parameters of the potential. If we assume that a characteristic mass scale of the potential is M V then the above solution behaves as
If we are about to explain the dark energy content of the universe as this energy stored in the damped oscillation of the scalar field, we should check what is the appropriate value for the potential mass scale M V . In such case E has to equal the dark energy density measured today, and τ should equal the size of the observable universe R U . Then M V must be
If we use E ≡ 10 −120 M 4 p and R U = 10 61 l p we get the behavior shown figure 11. Here we would like to notice three interesting cases.
1. n = 1. This case has already been studied in section 5. The scale of the potential turns out to be the Planck scale, which obviously is a natural choice. Our result obviously agree with the results of the previous section.
2. n = 1 2 . In this case it turns out that M V = 10 −17 M p , thus it is about 100GeV , the electroweak scale. It could provide a connection to other known physics.
3. n → 0. In this case the size of the universe does not help us at all to solve the hierarchy problem between the potential scale and the cosmological scale. We just convert the cosmological constant problem to a classical fine tuning problem as we need a potential with characteristic scale the cosmological one.
The Stress-Energy Tensor
(6.14)
In the far future or in local coordinates, this is diagonal and describes an average energy density and pressure
Use of virial theorem is adequate to calculate 18) which is plotted in figure 12 .
In the previous section we distinguished three interesting cases. It turns out that the calculated w for those is also interesting.
1. n = 1. In the case of a linear potential it turns out that w = − . This is exactly the boundary case between an accelerating universe and a decelerating one. . This is not the most favored value experimentally, however it corresponds to an accelerating universe.
3. n → 0. This gives us w = −1 which is the most favorable value for the dark energy as measured today, and indistinguishable from a cosmological constant term, as long as the equation of state is considered. 
Inhomogeneities in the Dark Content
We should not forget that actually the field performs an oscillation around the vacuum.
That means that a fair question is whether the period of this oscillation is large enough in order to allow for measurable phenomena. If we neglect the dissipation term, we can estimate the period of the oscillation, just using conservation of E.
Discussion
We analyzed tunneling solutions for some potentials that can provide us with analytic solutions. We learned several qualitative facts about phase transitions in field theory, as well as we acquired some useful tools.
The volcano and ever better the smooth quadratic potential, can provide tools for calculating decay rates in several problems where the thin wall approximation [1] does not apply. Of course we already have the tools of rectangular and triangular approximation [3] , however, as the decay rate per unit volume depends on the Euclidean action exponentially, a calculation of greater accuracy may be useful.
As the volcanic potential model teaches us, it is typical for such bubble solutions, that the field never reaches the true vacuum in the interior of the bubble. Instead it is performing a damped oscillation around it, whose amplitude is some kind of function of time that depends on the form of the potential around the true vacuum. This phenomenon may be of interest depending on the form of the potential.
The description of the barrier between the true and false vacuum by a non-convex potential generates questions about the uniqueness of the tunneling solution. Naively such a potential generates oscillatory behavior of the field at the region of the top of the barrier, that could result in multiple solutions. Although we don't have a proof, the smooth quadratic potential example shows that this is not the case.
An interest lesson we also learn from the smooth quadratic potential example is that the size of the emitted bubble strongly depends and it is of the same order of magnitude of the inverse of the curvature of the potential at the top of the barrier or at least the latter serves as a lower bound for the radius of the bubble. This has an interesting implication in the case of an asymptotically expanding universe. Typically phase transitions in field theory occur at temperatures of the order of characteristic quantities of the potential describing the system. Masses are such quantities. Thus according to our previous arguments the size of emitted bubbles is going to be of the order of inverse temperature.
Depending on the cosmological model, the radius of the universe is also a function of temperature, thus resulting in an upper bound for the possible number of bubbles emitted.
This restricts the number of bubble collisions resulting in several cosmological predictions.
Of course this is not going to be the case in a post-inflationary universe.
The most interesting result is that, in a triangular potential, we observe an effective cosmological constant in the interior of the bubble, that decreases as the bubble expands, in such a way that its scale asymptotically equals the geometric means of the size of the bubble and the scale of the potential. Assuming that the parameters of the potential are of Planck scale, and that the true vacuum energy vanishes, we make a very good prediction for the cosmological constant order of magnitude, which agrees with what we measure today. Of course this effective cosmological constant term is not the only contribution to the stress-energy tensor, resulting in the ratio of pressure to energy density in the interior of the bubble being larger than the experimentally favored value -1. However, the model we use contains only one scalar and is very simplistic. The idea may be useful in the construction of a more realistic model.
Later we extend our analysis to study the damped oscillation for a more general potential. It turns out that other interesting options also exist. If the potential is proportional to the square root of the field, then a potential with characteristic parameters of the electroweak scale predicts a dark energy content of the right order of magnitude and an accelerating universe.
Of course such a model for the cosmological constant predicts a vacuum energy that depends on the distance from the bubble wall, thus on position inside the bubble. Current experiments do not rule out such a dependence, thus this is an direct experimental prediction of our model. Such a time dependent cosmological constant is also predicted by quintessence models.
The advantage of our approach is that the value of the observed cosmological constant is related with the size of the universe in a more direct way.
Moreover even in the case of a quadratic potential there is still some non-trivial form for the stress-energy tensor that could have interesting cosmological implications in the expansion of the universe. In the case of more singular potentials, a connection with inflation could also be interesting. Finally there is the open direction of generalizing to different potentials, or greater number of fields. Interesting behavior like the one we discovered in the triangular model, may appear in different cases. We believe that the most interesting future direction would be the inclusion of gravity into the problem. This way, we would be able to directly observe the effects of the discovered phenomena in the evolution of the universe.
